In this paper we investigate the spectrum of a variety of quasigroups satisfying the 2-variable identity x(xy) = yx , called n > 101+2 . In [7/], they also showed that orders 2, 3, 6, 7, 8, 10, 12, ±h are impossible and investigated certain varieties of Stein systems.
. Introduction
The problem of determining the spectrum of quasigroups satisfying the identity x(xy) = yx was raised by Stein in [74] . Stein [74] and Mendelsohn [&] used Galois fields to obtain such quasigroups of order km, where the square-free part of m does not contain any prime p i 2 or 3 (mod 5) . In [75] , Stein used balanced incomplete block designs (see Hanani [5] ) to construct quasigroups of orders 12/c + 1 , 12k + h , 20k + 1 , 20k + 5 . Lindner [7] further enlarged the spectrum by using the singular direct product of Sade [73] . More recently, Pel I ing and Rogers [70] used pairwise balanced designs in conjunction with the singular direct product to show that Stein systems exist for all orders n > 101+2 . In [7/] , they also showed that orders 2, 3, 6, 7, 8, 10, 12, ±h are impossible and investigated certain varieties of Stein systems.
In this paper, we further enlarge the spectrum of Stein systems studied in [70] , [7 7] . It is shown that for all but 36 values of n > 15
there exists a Stein system of order n . In particular, Stein systems exist for all orders n > 191 . Our method of construction is similar to that employed in [70] . Hovever, much credit is owed to Brouwer, whose constructions in [2] helped to establish the main lemmas of Section 3.
Prelimi n a r i e s
The following information on designs will be quite useful in most of our constructions and the reader is referred to Hanani [5] . F . E . B e n n e t t a n d N . S .
M e n d e l s o h n
At t h i s s t a g e , we point out that Stein quasigroups are necessarily idempotent and self-orthogonal ( [ 3 ] ) . Thus Theorem 2.10 w i l l be very much applicable in our constructions and the r e s u l t s can be interpreted in terms of self-orthogonal Latin squares. However, i t i s known [7] that there are self-orthogonal Latin squares of a l l orders n # 2, 3, 6 .
. The ma in 1emmas
The auxiliary results of this section are based mainly on the use of resolvable designs and transversal designs (see [2] ). We shall let B(K) By applying this technique to a resolvable design RB(3, 1; 6k+3) (Kirkman triple system), which has 3& + 1 parallel classes, and a resolvable design RB(h, 1; 12&+M , which has hk + 1 parallel classes, we readily obtain the following two lemmas.
where, in case m = h or 5 , the star means that a block of size m is distinguished while all other blocks are of size h or 5 .
The following lemma is proved in [2] . transversal design (see [ 5 ] ) . In view of Theorem 2.9, we can state the following useful r e s u l t . Proof. We take the blocks of a GD({h, 5>, 1, {m, n } ; km+n) and each group with a fixed additional point adjoined.
More generally we have Proof. We choose m = 12fe + 3 , n = 12s + 3 , and r = 7 in Lemma 3.6. By Lemma 3.3, 12fe + 10 € B(l», 7*) for all k > 1 and 12s + 1 0 € B(l*. 7*) for all s > 1 . The result follows from Lemma 3.6
The technique of adding a set of fixed points to a truncated transversal design will be quite instrumental in most of our constructions.
Some special cases of importance are the following. Proof. We choose m = 12k + I t and n = 12s + h in Lemma 3. group divisible design a set S of size 6 disjoint from X . We construct a S({U, 5, 11*}, 1; kQk+12s+26) on X u S as follows:
(1) take the blocks B -{£>} , I t is readily checked that the r e s u l t is a B({k, 5, 11*}, 1; i»8fe+12s+26) and the lemma is proved.
Similarly, we have Proof. We choose m = 12k + 1 and n = 12s + k in Lemma 3-h and starting with the GD({U, 5}, 1, {l2k+l, 12s+U}; l+67c+12s+8) , we add a set of 6 new points. By using the existence of a B({h, 7*}, 1; 12&+7) for k > 2 and a B{{k, 7*}, 1; 12s+10) for s > 1 together with the technique used in the proof of Lemma 3.9, we may construct a B{{k, 5, 11*}, 1; h8k+12s+lk) to obtain the desired r e s u l t .
Since Lemma 3.2 guarantees the existence of a B({k, 5, 7*}, 1; 12&+11) for a l l k i 2 , we may further obtain LEMMA 3.11. If k > 2 and 1 < s < fe , then l»8fc + 12s + 30 € B(h, 5, 11*) .
Proof. We choose m = 12k + 5 and « = 12s + h in Lemma 3.U and l e t U , G, B) be the GD({lf, 5}, 1, {l2fe+5, 12s+l+}; l*8fc+12s+2l*) . F . E . B e n n e t t a n d N . S . M e n d e l s o h n design a set S of size 6 disjoint from X and construct a B({k, 5, 11*}, 1; hBk+12s+3Q) on X vS as follows:
(1) take the blocks B -{b} , The resulting design is a B({k, 5, 11*}, 1; l(8A:+12s+30) and the lenuna is proved.
The following lemma i s a consequence of Theorem 2.8. Proof. We take a B(5, 1; n) and delete k points which are contained in the same block. The r e s u l t follows. This completes t h e proof of t h e theorem. Proof. I f k > 3 , t h e n , by Lemma 3 . 2 , 12/c+15 £ B(*t, 5, 11*) and the r e s u l t follows. Proof. We shall apply Lemmas 3.9 and 3.10 as follows: if in Lemma 3.10 we put s = 1 , then
Existence theorems
If in Lemma 3-9 we put s = 1, 2, 3 , then, respectively, k8k + 38 € B(k, 5, 11) for k > 1 , k8k + 50 € B(k, 5, 11) for k 2 2 , l»8fc + 6 2 € B(it, 5, 11) for k > 3 .
These results guarantee u € B(l+, 5, ll) for all u stated in the theorem and the proof is complete. Proof. The proof follows directly from Lemma 3.1 and Theorem It.12.
A medial Stein system is a Stein system which satisfies the medial law {xy){zt) = (xz)(yt) . It is known [7 7 ] that the spectrum of medial Stein systems consists of all integers whose square-free part does not contain any prime p = 2, 3 (mod 5) • An extended medial system is a Stein system with the property that every 2-element generated subsystem is medial. It This completes the proof of the theorem.
